Spectral tilt in A-term inflation 
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Recently in hep-ph/0605035 and hep-ph/0608138 we have shown that primordial inflation can be 
embedded within the Minimal Supersymmetric Standard Model, while providing the right amplitude 
for the density perturbations and a tilted spectrum which matches the current data. In this short 
note we show that the model predicts a range of spectral tilt, 0.92 < n s < 1, depending on deviation 
from the saddle point condition. The spectral tilt saturates the lower limit when the saddle point 
condition is met. On the other hand the upper limit can be achieved for a slight deviation towards 
the point of inflection. The running of the spectral tilt remains small, and the amplitude of the 
temperature anisotropies remains in the correct observational regime. 



I. INTRODUCTION 

Recently in two Refs. we demonstrated that the 

Minimal Supersymmetric Standard Model (MSSM) has 
all the ingredients to give rise to a successful inflation 
(see also [3J)- Interestingly the inflaton belongs to the 
MSSM, i.e. the flat directions of the MSSM \ In 1], 
the inflaton candidates were the two flat directions, LLe 
and udd, where L stands for the left-handed sleptons, e, 
the right-handed sleptons and, u, d stand for the right 
handed squarks (of the up- and down-type respectively) . 

On the other hand in Ref. 0], the inflaton was NH U L, 
the right handed sneutrino, Higgs and the left handed 
slepton, respectively. This is an extension of the MSSM 
which includes Dirac neutrinos with masses in the correct 
range to explain the atmospheric neutrino anomaly. 

The difference between the two models is; that both 
LLe and udd flat directions are lifted by the non- 
renormalizable superpotential terms (of order n = 6) 
which are suppressed by the Planck scale, Mp, while 
NH U L is lifted by the tiny neutrino Yukawa couplings. 

There are many advantages of the MSSM inflation, 
first of all the inflaton is not an ad-hoc gauge singlet 
from the hidden sector as often assumed in the litera- 
ture 2 . Secondly, the inflaton couplings to the MS(SM) 
are known, therefore, reheating and thermalization can 
be understood consistently within the framework of su- 
persymmetry |9j. The final reheat temperature is suffi- 
ciently low to avoid any problem with thermal and/or 
non-thermal gravitinos The model is insensitive 

to supergravity corrections and also does not rely on 
super-Planckian VEVs [j| . The moduli problem can also 
be avoided all together, for all the detailed discussion, 
see [Ej]. 

Although, the scale of inflation is relatively small, 



MSSM has many gauge invariant flat directions made up of 
squarks and sleptons, which preserve JJ-parity at the renormal- 
izable level, for a review see Q. 

See Ref. 7] for other attempts of embedding inflation with gauge 
invariant SUSY flat directions, where multiple flat directions as- 
sisting inflation similar to that in Refs. 



Hi n f ~ 1 GeV, the model produces remarkably large 
number of e-foldings of inflation. The slow roll inflation is 
preceded by a phase of inflation where self-reproduction 
dominates due to quantum fluctuations [Tl| . During the 
slow roll, the total number of e-foldings is found to be 
M e ~ 1000. Not all the e-foldings of inflation is re- 
quired to explain the temperature anisotropies seen in 
the sky |12J, the only relevant number of e-foldings, which 
normalizes the COBE amplitude is nearly Acobe ~ 50 
in our case Q, Q . The details of this finding depends on 
thermal history of the universe, see for instance |13| . 

In this short note, we wish to highlight that the model 
properties have become even more richer, especially, the 
spectral tilt is bounded from below and above if the pre- 
dictions of inflation arc maintained. The range of spectral 
tilt is given by 



0.92 < n, < 1 



(1) 



The lower limit is saturated for an exact saddle point 
behavior, while the upper limit is allowed as long as 
sufficient inflation is obtained, which is of the order of 
A/cobe ~ 50 in our case. 

In section 2, we recall some of the important results of 
a saddle point inflation, in section 3, we describe a slight 
deviation from the saddle point and discuss the spectral 
tilt and the running of the spectrum. We also comment 
on the amplitude of the scalar metric perturbations. 



II. SADDLE POINT INFLATION 

Let us consider the potential in general, for the radial 
part of a flat direction, </>, 



V = —m 



nMp~ 



2(n-3) 



(2) 



where A is a positive number, ~ 0(1) TeV, X„ ~ 
0(1). Within MSSM all the flat directions are lifted by 
the non-renormalizable operator, n < 9. The renormal- 
izablc potential is denoted by n = 3. The flat direction 
inflaton NH U L belongs to n = 3, while LLe, udd corre- 
spond to n = 6. 
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When the condition 3 



A = ^8(72-1)771^ , (3) 

is satisfied, then there exists a saddle point at 

777 Af™~ 3 \V("-2) 



6 = / m^M" \ 



-A„V2n- 2 

such that V'(4>o) — V"(4>o) — 0. At this point we have 



(4) 



{n-2f 



(5) 



2n(n-l) * 
and in its vicinity 

F(0) = F(0o)+(i)F"'(^o)(0-^o) 3 + ..., (6) 

where 



y"'(0o) = 2(n-2) 2 -*. 

00 



(7) 



Hence there is a plateau where the potential is very flat 
and inflation is driven by V"'{<f>o). 

The Hubble expansion rate during inflation is given by 



where we have used Eq. (|10fl . The total number of e- 
foldings in the slow roll regime is then found from Eq.(|5Jl, 



1 



2n(n — 1) 7710 Mp 



(13) 



The obscrvationally relevant perturbations are gener- 
ated when <f) » </>cobe- The number of e-foldings be- 
tween </>cobe and <fcnd i denoted by Acobe , follows from 

Eq. ca 



COBE 



2n(77- 1)M 2 (0 o -0cobe) 



(14) 



The amplitude of the scalar perturbations, generated 
during the slow roll phase is given by 0, 0i Q : 



57T A 



2 

COBE ! 

(15) 

where we have used Eas. 1)618114(1 . 

Again after using these equations, the spectral tilt of 
the power spectrum and its running are found to be 0,0 



#inf = 



(re - 2) 7770(/)o 
^677(71- 1) Mp 



(8) 



When is very close to </>o the first derivative is extremely 
small, and we are in a self-reproduction (or eternal infla- 
tion) regime where quantum diffusion is dominant. But 
eventually classical friction wins and slow roll begins at 

4> ~ 0self 5 



(00 - 0sclf) ^ ^ M2 j 00 • 



(9) 



The equation of motion for the cf> field in the slow roll 
approximation is given by: 

3# inf = -iy"'(0o)W>-<M 2 . (10) 

Inflation ends when either of the slow roll parameters, 
e = (M 2 /2)(V'/V) 2 or 77 = M 2 (V"/V), becomes 0(1). 
It happens that |t?| ~ 1 at e nd; where 



«0 - Vend 



4n(n - 1)M| 



(11) 



We can estimate the total number of e-foldings during 
the slow roll phase, from </> to </> e nd, 



M e {ct>) 



4 <j) 2n(n-l)M£((t> 



, (12) 



n s = 1 + 2rj — 6e ~ 1 



COBE 



din k 



KT 2 

- /v COBE 



(16) 
(17) 



For soft supersymmetry breaking parameters and 
A in the range of 1 — 10 TeV, perturbations of the correct 
size are obtained for </> ~ 10 14 - 10 15 GeV 0, H 0. 
This results in V((j> ) < 10 38 (GeVV*. Since reheating in 
our case happens instantaneously [3, we find A/"cobe < 
50 [13. 

The expression for the tilt in the power spectrum, see 
Eq. (JTSJ, then implies that n s ~ 0.92. Although, the 
tilt is com pat ible with the current WMAP 3-years data 
within 2a [l3> it is still somewhat towards the lower side. 

A very natural question which arises out of this sce- 
nario is whether the spectral tilt can at all be improved 
from 0.92 or not. Note that the tilt in Eq. I|16|) is a ro- 
bust prediction of a slow roll inflation near the saddle 
point, as it does not depend on the detailed form of the 
potential. Hence any improvement, n s > 0.92 requires 
deviations from the saddle point condition Eq. ©■ 

In the coming section, we argue that it is possible to 
achieve the spectral tilt n s > 0.92 within our setup. 



III. DEVIATION FROM THE SADDLE POINT 



To facilitate the discussion, let us define 



3 The importance of yi-term was first highlighted in Ref. |g in 
connection to inflation and density perturbations. 



A 2 



(77 — 1)7TC 



1± 



(^)V, (18 , 



3 



where a <C 1. Note that when a = and 8 = 1 we are 
back to the saddle point condition 4 . 

When 5 > 1, we will have a point of inflection at <j>o 
and two extrema (one maximum, one minimum) near it. 
The field which is initially trapped in the minimum can 
tunnel to a point beyond the maximum a la Coleman-De 
Luccia, and a period of slow roll inflation with a num- 
ber of e- foldings > Acobe with n s — 1 — 4/cobe will 
follow, provided that a is sufficiently small (for more de- 
tails see 0). For larger values of a results deviate from 
the saddle point calculations, which will only result in 
n s < 0.92 [l4(. Note however that this is not of interest 
to us as n s will lie completely outside the 2a limit from 
the WMAP central value pf . 

In an opposite case, when 8 < 1, there exists only a 
point of inflection at <f>o (i.e. V"(4>q) = 0) where 



V\<h) = 



2\2 



a 2 ml(j)a , 



(19) 



and V"'((/>o) is given by Eq. J7J). We therefore have 

v'(<f>) ~ v'{<M + \v"'tto){<t> - to) 2 ■ (20) 

Note that both terms on the right-hand side are positive. 
The fact that V'(cpo) ^ can lead to interesting changes 
from a saddle point behavior. 

Further note that in the previous section, the slow roll 
inflation was driven by V'"(4>o). This holds true only 
if the first term on the right-hand side of Eq. (|20|) is 
subdominant for <fi < </>cobe- After using Eq. (|14H this 
leads to a following bound on parameter a 5 



1 



(toy 

n(n - 1)ATcobe VAfp/ 



(21) 



If this bound is satisfied, the spectral tilt will still be given 
by Eq. (|16fl and, therefore n s ~ 0.92 remains valid. In 
passing we note that there will be no self-reproduction 
regime unless a < (m^/M^) 1 / 2 H El, which is a 
much stronger bound than that in Eq. I|21|) . 

However, for a larger value of a, we can still have in- 
flation, but V'(4>o) affects the slow roll motion of the 
inflaton during the last A/"cobe number of e-foldings. 

The total number of e-foldings during the slow roll of 
(j> from (f)Q down to <p cn( \ is given by (from now on Vq and 
V '" stand for V'(0o) and V'"(^o)) 



Mot = 



v(to. 



(22) 



Note that the two terms in the denominator of the inte- 
grand become equal at <^ eq , see Eqs. (I7I19|) . where 

(<t>Q ~ 0oq) = \u<t>Q . (23) 



Then we can write 



M| 



2d<t> 



V" 



)) 2 



which, after using Eq. I|23l) . results in 6 



n(n — 1) 



(24) 



(25) 



It is interesting to note that the two terms on the right- 
hand side of Eq. I|24|) gives equal number of e-foldings, 
i.e. A/tot /2. The requirement that A/tot > A/"cobe leads 
to an upper bound 



a < 



n(n - l)A/( 



COBE 



/ to 



(26) 



Therefore, there exists a window where we can have 
sufficient number of e-foldings, but the saddle point re- 
sults for the spectral index are not valid any longer. The 
range of a dictates the trend. 



1 



/ to \ 2 
i(n - 1)AA CO be vMp/ 



< a < 



(toy 



Within this window, 0cobe > 
e-foldings follows 



n(n - 1)A/cobe V Mp J 
(27) 

dm and, the number of 



A/COBE 



2d0 



, cnd y '"(^-^o) 2 



instead of Eq. (|T1J| . 

After using Eq. (|2*3^l . we find 



(28) 



(0o - 4>cobe) — ato 



ra(ra — 1)q /M P \ 2 
2 l^o"J A/cOBB 



(29) 

Eq. (O then results in (note that V"{<j>) « ^'"(0- O )) 



l-8n(n-l)a( 



/M] 



1 — : — {—) A/boBL: 



(30) 

When a saturates the lower bound of the inequality 
in Eq. (|27|l . we recover our earlier result, n s ~ 1 — 
4/AAcobe -0.92. 

On the other hand, when the upper bound of the in- 
equality in Eq. (|27|l is saturated, we find n s ~ 1. This 
particular value of n s — ► 1, can be easily understood as, 
0COBE - ► 0Oj in which case, 77 — > 0. Therefore the spec- 
tral tilt is virtually scale invariant. 



4 A similar analysis is presented in Ref. 0], but for a different 
purpose. 

5 This is the same as the condition for a successful inflation when 
8> 1 @. 



6 Note that A/tot — ► 00 as a — > 0. However Eq. 1251 ceases to hold 
once a < (m^p/Mp) 1 / 2 , since as mentioned before, we enter 
the self-reproduction regime. The total number of e-foldings in 
the slow roll regime is then given by Eq. 1181 . which coincides 
with Eq. J33 when a ~ (m^/M^,) 1 / 2 . 
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Hence within the window we have 



0.92 < n s < 1 



(31) 



One comment is in order at this point. As pointed out 
earlier, for the values of a given in Eq. (|27(l there will be 
no self-reproduction regime in the immediate vicinity of 
6q. Therefore we actually have slow roll inflation within 
the interval [<f> e , 20o — </> e ], where <p e is given in Eq. (| 1 1 1> . 
Note that V'((/)— cj>o) and V"(cf>— 0o) are even and odd re- 
spectively near <f>o, see Eqs. (|6I19|) . This implies that the 
slope of potential is symmetric around (fro, hence there is 
the same number of e- foldings in each of the half intervals 
[4> e , 4> ] and [20o - (f> e , <j> ]. 

One can then consider a situation where 0o < 0cobe < 
20o — 4> e - In the extreme case the total number of e- 
foldings in the interval [</> e , 2<p -(j) e \ is A/cobe (A/cobe /2 
in each half interval). This will slightly increase the up- 
per bound on a obtained in Eq. I|27[) . Note however that 
V"(4>) > 0, thus rj > 0, for 4> > 4>o- This implies that 
n s > 1 if 0cobe > 4>o, which is ruled out by the latest 
WMAP results 12]. For this reason we have only con- 
sidered the case where 0cobe < 4>o, which will result in 
n s < 1 (albeit > 0.92). 

An important point is to note that the fine-tuning in a 
does not get any worse if we require that the spectral tilt 
be closer to 1. Eq. (|21|l . which implies a bound a < 10 -9 
in order for the saddle point calculations remain valid [5j , 
see also Q for the discussion on fine tuning. According 
to Eq. (E7J, a larger n s is found if, 10" 9 < a < 2 x 10~ 9 . 
If any, we have an improvement by a factor of 2 in a. 

However, the running of the spectral tilt is slightly dif- 
ferent, it depends on V' and V also. The two limiting 
regimes for a gives, 



16 



AT 2 

• /v COBE 



dn* 



< 



d\nk A^ OBE 



(32) 



For a lower limit of a, see Eq. (|27|) . we recover our earlier 
result, Eq. (T7J, but for the upper limit, we get a slightly 
strong running by virtue of V'((po) > V (<t>o)- However 
for A/cobe ~ 50, the running of the spectral tilt remains 
very small, i.e. dn s /d\nk ~ —0.0064. 



Finally, let us see what happens to the amplitude of 
the scalar perturbations within the window in Eq. J37J. 
When the upper bound of the inequality is saturated, we 
find 



Sh — — \ — n(n - 
H 5tt V 24 1 



l)(n-2)(2^)jVg OBB . (33) 



This is smaller by a factor of 4 compared to the saddle 
point case, see Eq. (I15|l . which is valid when the lower 
bound of the inequality in Eq. 127|) is saturated. There- 
fore within the allowed window the correct amplitude is 
obtained with m<f, within the TeV scale range. 

IV. CONCLUSION 

MSSM inflation provides interesting possibility that 
the spectral tilt can vary in between 0.92 < n s < 1 de- 
pending on how flat the potential is in the vicinity of 
the saddle point. Interestingly, the upper bound on the 
spectral tilt n s ~ 1 is found when the total number of 
e- foldings is saturated; Ntot ~ A/cobe, while the lower 
limit n s ~ 0.92 depicts the robustness of the saddle point 
inflation. The running of the spectral tilt remains weak 
(and well below the observational limits) in both cases. 
The amplitude of perturbations, as well as the fine-tuning 
of parameters, remain practically unchanged. 
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